FAMILIES OF HYPERSURFACES OF LARGE DEGREE 
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Abstract. We show that general moving enough famihes of high degree hypersurfaces 
in P"+i do not have a dominant set of sections. 



1. Introduction 

In |Grauert-65j . Grauert solved Mordell conjecture for curves over function fields. Lang 
generalised this statement in Lang-86| . 



Conjecture (Lang's conjecture over function fields). Let tt : X Y be a projective 
surjective morphism of complex algebraic manifolds, whose generic fibre is of general type. 
If f is not birationally trivial, then there is a proper subscheme of X that contains the 
image of all sections ofn. 

Grauert's proof can be red as a construction of first order differential equations ful- 
filled by all but finite number of sections of the family. First order differential equa- 
tions are also enough to deal with families of manifolds with ample cotangent bun- 
dles ( |Noguchi-81 |Moriwaki-95] ). We implement this idea in higher dimensions with 



higher order differential equations, in a case where the positivity assumption is made 
only for the canonical bundle, to prove the 

Main Theorem. For general moving enough families of high enough degree hypersurfaces 
in P"+^, there is a proper algebraic subset of the total space that contains the image of all 
sections. 

General families are in particular required to be non-birationally isotrivial. By def- 
inition, "moving enough families" are those families parametrised by a curve B with 
variation given by a line bundle on B whose degree is large and {n + l)-times the degree 
of a rational function on B. 

We point out that Noguchi |Noguchi-85| gave a proof of Lang's conjecture when the 



members of the family are assumed to be hyperbolic and the smooth part is assumed to be 
hyperbolically embedded. Eventhough Kobayashi conjectured that a generic hypersurface 
of large degree in is hyperbolic, our proof does not rely on properties of families 
hyperbolic manifolds, like normality. We benefit however from the recent works dealing 
with Kobayashi conjecture, especially from |Demailly-95 



The first part of the work describes general tools for dealing with higher order jets. 
The second part is devoted to the proof of the 

Theorem 1. All sections of general moving enough families of high enough degree hyper- 
surfaces in P"+i fulfil a differential equation of order n + 1. 



Date: October 8, 2009. 



1 



2 



CHRISTOPHE MOUROUGANE 



Then, adapting general techniques in universal families originating in the work of 
Clemens |Clemens-86] . Voisin |Voisin-96] and Siu |Siu-04j . we obtain the main theorem in 
the third part. 

I thank Claire Voisin for the nice idea she gave to me for computing nef cones. I dis- 
cussed the subject of this paper with many people over more than four years. I would 
like to thank them all, in a single sentence. 

2. Jet spaces for sections 

We consider a smooth proper connected family tt : X —>■ B of n-dimensional manifolds 
parametrised by a connected curve B, and we intend to construct the jet spaces for sections 

of TT. 

2.1. Jets of order one. We follow the ideas of Grauert |Grauert-65] . 

Consider a section s : Bp ^ X of the pull-back family Wp : p*X Bp, where 
p : Bp B is a finite morphism of curves. The map ^ds : s*Qx —* satisfies 
^ds o s*^d7Cp = Id^g^, is hence surjective and provides a rank one quotient of s*Qx- 

The corresponding curve Si : Bp ^ Xi inside the bundle ttq,! : Xi := Fi^Qx) ^ X of 
rank one quotients of Qx lifts s (i.e. ttq,! o si = s), is therefore a section of ni : Xi —>■ Bp 
and avoids the divisor T>i := F{Qx/b) of vertical differentials. The latter is the divisor 
of the section of 7r*TB ® given by ^dir : tt*Qb ^x- We have to study the 

positivity properties of this line bundle, which transfer into mobility properties of the 
forbidden divisor Vi. 

2.2. Second order jets. As in the preceding section, the curve si : Bp —>■ X\ lifts 
to a curve inside the bundle of rank one quotients of '^x^- More precisely, the rank one 
quotient ^ds\ : s^fi^^ ^ ^Bp fulfils the relation 

^dsx o s**(i7ro,i = ^ds. 

The map ^ds\ at the point ^ds\ of Xi vanishes on the image by ^driQ i of forms in the 
kernel of the tautological quotient ^ds. In other words, ^dsi is a rank one quotient of the 
quotient J-'i of Q^i defined by the following diagram on Xi. 
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Define the second order jet space to be 7ri^2 '■ ^2 '■= IP(-^i) '^i- As in the formalism 
of Arrondo, Sols and Speiser [A-S-S-97] . we need to keep track of the injective map 
a2 : X2 ^ F{Qxi) given by the quotient Q^i — ^ ^i- 

We hence get a map S2 : Bp ^ X2 defined by the quotient ^dsi : s^J^i ^Sp- 
Note that 111^2 is the restriction to F{J-'i) C F{Qxi) of the map defined by the quotient 
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n^flx — so that the relation *(isi o sl^dno,! = ^ds is rephrased in the fact that the 
map S2 is a hfting of si (i.e. 7ri,2 o S2 — S\). 

The map *c?7ro,i : Oq,^{1) T\ gives rise to a section of t\\0£i-^{—\) ® Oj:^{\) whose 
divisor T>2 '■— P(0;t'i/A') C is not hit by the curve S2 for o s^*ci7ro,i vanishes nowhere. 

2.3. Higher order jets. This scheme inductively leads to the construction of the k^^- 
order jet spaces T^k-\,k '■ Xk ^fe-i, together with a map Uk : ^ ¥{VLx^_^) that 
completes the commutative diagram. 

7Tfc-l,fe \ / Pk-l 

Note that al.OQ,^^_^ (1) = Ox^O-)- The bundle Tk on is the quotient of Qx^ defined by 



1 i 

i i *dTTk-l,k 

i i II 

J, J, J, 



The (fc+l)*'*-order jet space is 'Kk^k-vi '■ Xk+i :— P(^jt) — > Xk and the map 0^+1 : X^+i — > 
¥{Qxk) is the injective map associated with the quotient Qx^ ^ ^k- Note that the relative 
dimension of 'Kk+i,k is equal to that of 'Kk-i,k that is n. Therefore 

dimA'fc = {k + l)n + 1. 

Now, given a section s : Bp X of the pull-back family vr^ : p*X B^, by a 
finite morphism of curves r : Bp ^ B, assuming that we have constructed the various 
hfts Si : Bp ^ Xi, up to the level fc, we get the {k + l)*'*-order jet Sk+i ■ Bp 
Xk+i by considering the surjective map ^dsk : s^J^k built from the relation 

*dsk o sl*dnk-i,k = ^dsk-i. 

Recall that the tautological quotient bundle Oxk+^i^) pulls-back to Bp via Sk+i into the 
considered quotient flsp 

The map ^d'Kk-i,k ■ Oxki'^) ^k gives rise to a divisor Vk+i = F{Qxk/Xk-i) on Xk+i in 
the linear system \'^k+i,k^Xki~^) ® ^'ffc+i(l)l that the curve s^+i avoids. 

2.4. Description in coordinates. Choose a local coordinate t on B and a adapted 

system of local coordinates on X, {t, Zi, Z2, ■ ■ • ,Zn) such that the map vr is given by 
(t, Zi, Z2,--- , Zn) I— > t. The set of vectors ^, • • • , ^ provides us with a local 

frame for Tx- This defines relative homogeneous coordinates [Ti : Ai : A2 : ■ ■ ■ : An] on 
X,. 

A section s of tt locally written as i 1— > {t, Zi{t), Z2{t), ■ • ■ , Zn{t)) is differentiated in 





Ot Ot 'Ozi 'Oz2 'Oz, 



n 
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The first order jet of the curve s is therefore locally written as si : B = P{Tx), 

si : (t, z,{t), Z2{t), ■■■ , z^{t), [1 : z[{t) : z'^it) : ■ ■ ■ : z'^{t)]). 

It does not meet the divisor Vi := P{Tx/b) locally given by Ti = 0. 

Outside this divisor, we get relative affine coordinates Oi := Ai/Ti, 02 := A2/T1, ■ ■ ■ , a^i : = 
An/Ti. Note that for the section si we infer that aj{t) = Zj{t). The set of vectors 

Odd d d d d 

Ot OZi OZ2 OZn oai oa2 oan 

provides us with a local frame for Tx^ ■ The bundle JF* is defined to be 

Tl := {{t, z, [A],v) G Tx, I dno,i{v) G [A] C Tx}. 

It has a local frame built with 

d d d , \ 

and 

|-6T^,/^, l<r<n. 

This defines relative homogeneous coordinates \T2 : Bi : B2 : ■ ■ ■ : -Bn] on X2. 
The section si : B ^ Xi — T>i ol i^i is differentiated in 

I + z[{t)i-^ + + ■ ■ ■ + + z'mi: + + ■ ■ ■ + 'nit)£-. 

= (I + «i W A + A + ■ ■ ■ + "'^Wal:) + + + ■ ■ ■ + <Wal:- 

The second order jet S2 '■ B ^ X2 is locally written as 

S2 -.t^ (t, z,{t), Z2{t),---, Zr.it), [1 : z[it) : z',{t) : ■ ■ ■ : [1 : z'i{t) : 4'(t) : ■ ■ ■ : 

It does not meet the divisor D2 := PiTx2/Xi) locally given by T2 = 0. 
Coordinates in higher order jet spaces are defined similarly. 

3. SCHWARZ LEMMA AND HOLOMORPHIC MORSE INEQUALITIES 

This section is devoted to the tools needed to prove theorem [H Consider the line 
bundles on defined by 

Ox.iin) ■■= T^lkOx.imi) ® T^lk^ ® ■ ■ ■ ® Ox^imk) 

and 

Ox,{MV) := 7il,Ox,{M,V,) ® nl^Ox,{M2V2) ® ■ ■ ■ ® Ox,{MkVk). 

Define 

Xp ■■= [ s,{Qbp) = -[ Ci(rBj = -2/" ToddiTBp) = -2xiBp) = 2giBp)-2 

J Bp J Bp J Bp 

> (degp)(2(?(5)-2)>0. 

Consider a section cr of the line bundle Oxi,{ir) ® Ox,.( M'^ ) ® '''"fc-^"^- Pull it back to 
Bp via the map Sk '■ Bp ^ X^ into a section s^a of the line bundle Vt^—^ ® p*X~^. If the 
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latter bundle has an ample dual bundle (i.e. if dee A > , ^ I ?^ I), then the section stcr 

^ degp ' ~ " 

has to vanish. This gives 

Lemma 3.1 (Schwarz lemma). // a line bundle X on B has degree degA greater than 
I m I, then for every section s of p*X — > Bp and every section a of the line bundle 

C^XkilR) ® Oa'iA MV ) TT^A^^ on Xk, the k^^-order jet Sk of s lies in the zero locus of a. 

Note that we considered only those bundles having zero components along the Picard 
group of X /B. For example, in the family of hypersurfaces in case, bounding the 
intersection number s{B) ■ called the height of the section s, is a main step 

in proving Lang's conjecture. We therefore have to try and produce sections of bundles 
without any component along the Picard group of X/B. We will use the algebraic form 
of holomorphic Morse inequalities to achieve this. 

Proposition 3.2 (Holomorphic Morse inequalities). A multiple mL of a line bundle L 
on a projective manifold of dimension D that can be written as the difference of two 
nef line bundles L = A — B is effective and big if furthermore the intersection number 
A^ — DA^^^ ■ B is positive and m > mo{ci{A), ci{B)). 

To prove that mo only depends on {ci{A), ci{B j), we just recall that, in the inequality 
that estimates the alternating sum of dimensions of cohomology groups 

- h\X, L^™) > ^(^"^ - DA""-') ■ B + aim''), 

the remainder is made of numerical data. 

There are three elements to settle to get the proof of theorem [T|, the construction of 

nef line bundles on jet spaces, the inequality deg A > ^ I m I and the positivity of the 

degp 

intersection number A^ — DA^^^ ■ B. 

Note that we may allow a negative part along the Picard group of X/B. This will give 
the height estimates. 



4. The nef cones 

We will now restrict to the situation of a family of hypersurfaces in given by a 
section sq of an ample line bundle Lq on B x P"+^. We will assume that the genus of B 
and the relative dimension n are at least 2. 

X A, B X P"+i ^ P"+i 
B 

The map pr2 o l : X ^ p"+i -^ju i^q denoted by R. This gives the further sequence on X 

(4.1) O^L^^^^Qb® ^^Pn+i|;t ^ Vlx = J^o ^ 0- 

From Leray-Hirsch theorem, we know that Pic{B x P"+i) = pr\PicB ©prg PicP""^^. In 
particular, we will write Lq as pr^Ao ® pr-gOpn+i (c/q). Note that Opn+i((io) = (-^o)|pr"^b 
ample {do > 0) and (pri)^Lo = Aq ® 5'^«C"+2 jg effective (degAo > 0). 
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4.1. The nef cone of X. For the line bundle Lq is assumed to be ample and X is of 
dimension at least 3, Lefschetz hyperplan theorem reads 

PicX = L*Pic{B X P"+^) = n*PicB e i?*PicP"+\ 

For a line bundle A on i? and an integer d, we will denote by Ox{K d) = n*X^R*Opn+i(d) 
the restriction to X of the line bundle A Kl 0-pn+i(d) — pr*X <8) pr20-pn+i(d). 

The line bundle 7r*OB{b), nef but not ample, has its Chcrn class lying on a vertices 
of the nef cone of X. If the morphism R : X ^ p"-+i jg j^q^ finite (e.g. the section 
defining X does not involve all the homogeneous coordinates on P"+i) then the line bundle 
R*0]pn+i(d) gives the second vertices. This is not the generic case. 

The top intersection number of the first Chern class Ci{Ox{X, d)) e NS{X) is given by 

Ci(0;,(A,rf))"+l 

= i*[pr*M>^)+pr*ci{0^n+.{d))r+' 

= [ci(Ao) + Ci(Op„+i(cio))] . [ci(0pn+i(rf))"+i + (n + l)c,{\)pr*c,{0^r.+.{d)r] 
= [d deg(Ao) + (n + l)do deg(A)] . 

It has to be non- negative on the nef cone. We hence get in NS^{X) = 



> 0, / > o} = L*Nef{B X P"+^) 



GNef{X)G{{l,d)/d>0, degAo ^| 

I. [n + 1)0,0 J 

4.2. The pseudo-effective cone of X. We now compute the pseudo-effective cone, 
Eff{X) D Nef{X). Take degA < and d> 0. The push-forward bypri of the sequence 
defining the structure sheaf of X tensorised by A Kl O-pn+i (d) , reads 

^ (pri)^ (A ® A* K - do)) ^ (pri)^(A K Cpn+i((i)) ^ 7r^O;t(A, d) ^ 

that is 

^ A (8) A* (g) 5«'-'^oc'^+2 ^ ^ ^ 5«'c"+2 ^ 7r*C>;t(A, d) ^ 0. 
For degA < 0, the associated long exact sequence gives 

0^H%X,O;,{X,d))^ 

H\B, A ® A*) ® ^<^-<ioc'»+2 ^ ^1(5^ ^) ^ 5<^C'*+2 ^H\B, 7r^Ox{\ d)) 0. 

Note that if £ is large, n^Tx^Ox{\®^ Ad) vanishes, so that H\B,Tr^Ox{X^\id)) and 
[X , O X (X'^^ , id)) become isomorphic. We infer 

h%X, Ox{X, d)) >h\B, A ® AS) S'^-'^"C''+^ ~ h\B, X) ® 5'^C"+2 
> - x{B, A (8) A*) 5'^-'^ocn+2 ^ ^(^^ 5«'C"+2 

n+1 



>[degA+ 1-^(5)] 

r, ^ , ^ -, ,r^^Tfd-do + n+l\ 

-[degA-degAo + l-^(S)]( J 
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We find that if degA > - , d, for large H\X , OxiX'^^id)) ^ 0. Hence 

[n + l)do 

{d>0, l>0}cNef{X)c[d>0, l>-0^^d] cEffiX). 

4.3. The cones in the generic case. The ideas described here are due to Claire Voisin. 
The key result is the following 

Lemma 4.1. Let ycTxP^Tbea family of complex algebraic ample hypersurfaces 
of dimension at least 3 of a projective manifold P. Assume that Yq is irreducible, and that 
the nef cone and the pseudo-effective cone of its normalisation coincide. Then the nef 
cone and the pseudo-effective cone of a very general member ofy^T do also coincide. 

Proof. The Picard group of any general member is induced by that of P by Lefschetz 
theorem. Take a numerical class c in NS{P). Take a line bundle £ on P in the class 
c whose restriction to a very general member Yt is effective. There is a maximal Zariski 
closed subset Zc of T such that the line bundle C\Yt is algebraically equivalent to an 
effective line bundle for all t in Zc- Define Z to be the countable union of all those Zc 
that are strict in T. Removing the countable union of images Z' in T of components that 
do not dominate T of the Hilbert scheme of vertical curves in y, we can ensure that every 
curve C in Yt for t E T — Z' deforms locally around t, and by properness of components 
of the Hilbert schemes, specialises to a curve Cq at 0. 

Take a r e T — Z — Z'. Take a hue bundle C e Pic{P) whose restriction to 1^ is 
effective and a curve C in 1^. We have to check that degvCjc > 0. The line bundle jC\Yt is 
algebraically equivalent to an effective line bundle on the whole of T and therefore jC\Yq 
pulls back to a nef line bundle on the normalisation of Yq, by hypothesis. Here we use the 
irreducibility of Iq to make sure that the gotten section do not identically vanish on some 
irreducible component of Yq. For degi'*C^,^-icQ > 0, we infer using intersection theory 
for line bundles on the singular fibre Yq and especially the projection formula, that the 
integer deg C\c > 0. □ 

In our setting this leads to the 

Proposition 4.2. Take a line bundle Aq KI Opn+i(do) on B x W^'^^. Assume that there is 
a rational function f on B such that deg Aq is {n + 1) deg/. If X is very general in the 
linear system \Xq Kl Opn+i{do)\, then 

Nef(X)^Eff(X)^{(l,d)/ d>0, ^>- /l^^° 4- 

Proof. Take a rational function / : i? ^ of degree m and a generic hypersurface X 
of P"+^ defined by the polynomial F of degree /x. Construct the finite map gotten from 
Segre embedding and a general projection 

: E X X ^ X P"+^ P2"+^ P"+\ 

and the map $ = {IdB,4') '■ B x X ^ B x P"+^. Denote its image by Xq. The map 
pi ^ pn+i _^ p2n+i _^ pn+2 -g explicitly giveu in terms of coordinates by 

[Xo : Xi] X [Fo : n : • • • : l^^+i] ^ [2X1^0 : X^Yo - X,Y, : XqY, - X^Y^ 

' ' ' '■ XoYn — XiYn+i : 2XoYn+i]. 
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If 0, 0, 0) 7^ and F is general, we can project to get a finite map 

([Xo : Xi], [Fo : n : ■ ■ ■ : Y^+^]) ^[XoYq - ^iFi : XoFi - XiFs : ■ ■ ■ 

• • • : X^Yn — XiYn+i : 2Xoy„+i]. 

The equation of the image Xq of $ 
F(Xo"+if/o + Xo"Xi[/i + Xo"-ix2?72 + ■ ■ ■ + Xf+i^ : ■ ■ • 

• ■ ■ . Aq + Ag Aity„ + Aq a^ — ^ — . Aq ty„ + AQAi — ^ — . Aq — ^ — j — u 

is of bidegree {{n + l)m/i,/i). Note that n + 1 is the degree of the image of x P" 
(considered as a divisor in P^ x p^+i) by the Segre map to p2"-+^. 

The nef cone of -B x X is equal to its effective cone. By lemma I4.H we infer that the 
same holds true for very general deformations of the image Aq, whose normalisation is 
5 X X. 

We can now apply this to get more bidegrees than just those of type ((n+l)m/i, /x). Take 
X to be very general hypersurface of bidegree ((n+l)m, 1) whose nef cone and the pseudo- 
effective cone coincide. Consider the Frobenius like finite morphism ip : P"+^ pn+i 
gotten by raising homogeneous coordinates to the power e, and the hypersurface X' := 
{Id\Bi It is a smooth ample hypersurface of i? x P"+i of bidegree ((n + l)m, e). 

By Lefschetz theorem, its Q-Neron Severi group coincide with that of i? x P^^^. Take a 
curve C and an effective divisor D' in X' . Its multiple eD' pulls back from an effective 
divisor D in X, which is nef by hypothesis. 

eD' ■ C = tp-\D) ■ C = e"+iD.^(C") > 0. 

The hypersurface X' may be not very general, but applying the lemma again, we infer 
that the nef cone and the pseudo-effective cone of a very general hypersurface of bidegree 
{{n + l)m, e) coincide. □ 

4.4. A nef line bundle on Xi. By Leray-Hirsch theorem, the Picard group of Xi = 
P(^o) is the group 

PicXi = PicX © ZC>;ti(l) =PicB® PicP"+^ © ^Ox.iX)- 

Accordingly, we will use the notation C^-i (A, c/; mi). The bundle f2pn+i = A"Tpn+i ® 
Kpn+i is a quotient of (A"Cpn+i © i^pn+i = (A"0®r+^) © Opn+i(-2). Hence, for 
fifi is globally generated, the quotient (see 14. ip jFg © Opn+i(2) and therefore the bundle 
Oxi (0, 2; 1) also are. 

4.5. A nef line bundle on Xk+i- Generally, the bundle ^Xu/Xu-i = A"~^T;t'fe/A'fc_i ® 
Kxk/Xk_i is a quotient of 

A"-' {K-i,kH-i ® Ox,{l)) © Ox,{-n - 1) © 4_i,,det^,_i = t^U^.J^u-i ® Ox,{-1). 

Assuming that O x^._^{!mk-\) and O x^,ij^k-\i 1) are nef, we infer from the defining sequence 
of Tk 

O-.0;,,(3mfc_i,3) ^ Tk®Ox,m®Til^^,^Ox,.A^m^ 

- ^x,ix,^, ® Oa',(2) © 7r^i.,0;,,_,(3m,_i) ^ 
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setting ruk ■= (3mfe_i, 2) = 2{ mk-i , 1) + ( mfc_i ,0) that Ox^ jmk) and Ox^,^-, {mk, 1) are 
nef. We find that 

Lk := (0,2 -3*^-^2 ■S'^-^,--- ,2- 3^2 -3,2,1) 
is nef of total degree 3^^. 

5. Construction of differential equations 

5.1. Definitions of Segre classes. Recall that the total Segre class s{E) of a complex 
vector bundle E X of rank r is defined in the following way : its component Si{E) of 
degree 2i is computed as Pi,ci{0 e{^)Y~^~^\ where p : F{E) —>■ X is the variety of rank 
one quotients of E. From this construction, one deduces that for a line bundle L —>■ X, 

s,{E®L) = j2 7^ ^ s,{E)c,{LrK 
i=o ^ ^ 

From Grothendieck defining relation for Chern classes 

r 

Crip'-E' ® Oe{1)) = Y,PMEnci{OE{l)r~' = 

one infers that total Segre class s{E) is the formal inverse c{E*)~^ of the total Chern class 
of the dual bundle E*. It is therefore multiplicative in short exact sequences. 

5.2. Computations on X. Set on x P"+^ A := pr^Ci(Cpn+i(l)), B := pr^Ci(C>ij(l)). 
In particular, we can write ci(Lo) = dA + rB. We have the relations A^'^'^ = 0, B^ = 0, 
An+iB = 1. Set on X, a := i?*Ci(Cpn+i(l)) = l*A, (3 := 7r*ci(OB(l)) = l*B. We have 
the relations 

= Ci(Lo)A"+i = r, a"/? = ci(Lo)A"S = d. 

Hence, r is the degree of the map R := pr2 o i, and d is the degree of Xb C P"+^. 

From the relation (14.11) and the Euler sequence on P"+^, we infer that the total Segre 
class of J-'o = Qx is 

s(J^o) = 7r*s{nB)R*s{np3)i,''s{L*)-^ 

= 7C*s{Qb)R*s{C''+^ ® Opn+i(-l))6^c(Lo) = 7T\s{QB)R*c{Opn+i{l)y'^''+^\*c{Lo) 
= il + xl3)il + a)-^''^^\l + da + r(3). 

We find that the Segre classes of J-'o are polynomials in {a, (3) with coefficients that are 
linear in {r,d). In particular, 

si(^o) = {d-n-2)a + {r + x)f3. 

5.3. A recursion formula. Recall the defining relation for the bundles JF^ on X^ 

(5.1) Ox,il) ^Tk^ ^x,ix,^. - 

still vahd for A; = 0, if we set X^\ = B, Xq = X, jFg = Q^, C^a'(I) = t!'*^b, that is 

tt^Qb ^ ^x/B 0. 

We will also need the relative Euler sequence on Xj. 

(5.2) ^ n;,^,x,_, - ^U,k^k-i ® Ox,{-l) - Ox, - 0. 
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From the two previous sequences, we can compute the total Segre class of Tk in terms 
of the Segre class of (fc > 1). Set 

Remark to begin with, that the first Segre classes are easy to compute. We find 

(5.3) Si(J^fe) = (vro,fc)'^Si(J^o) - ^ (ttfc + [j^k-i^kf Oik-\ H h {j^x^kYoix) ■ 

In general, 

(fc+l)n+l e 
(k+l)n+l I 
(k+l)n+l e 



fl)n+l ^ £ / I A 



(fc+l)n+l £ 

E E 

£=0 j=0 



E(-i)-("^rO 

i=0 ^ ' 



;-i,fcSj(j^fc-i)«fc 



Defining the numbers := ^f=o('~-'-)*('^t*)' S^t 

5.4. Estimates for intersection numbers. The idea comes from the reading of |Diverio-09] 
Recall that the line bundle 

Lk := Oa", (0,2 ■3^-^2■3^-^••• ,2 -32,2 -3,2,1) 

is nef on Xk- Its first Chern class is 

h ■= "fc+27r^_i^fcafc-i+67r^_2,fc'^fe-2H \-'^-'^^~^^k-j,k'^k-j-\ H2-3''~^7r^;,a;i+2-3^"^7ro 

We are in position to prove 

Lemma 5.1. For r ^ d ^ 1, 

(1) 

SiiJ^oT^^ ~ (n + 2)rd"+\ 

(2) 

{TTk-l,k)Jk'^^ > 7ro,fc-lSl(J^o) 

(3) 

^mi^ma . . . . < C(rf"+^ + rd"). 

The output is that the leading numerical term comes from the relative canonical degree. 
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Proof. (1) Just compute 

~ + {n + lyra^'p = [n + 2)rr+\ 

(2) Recall from the relation fl5.3p that 

+ {n + l)(2afc„i + Qak-2 + ■ ■ ■ + 2 • 3^-'ak-j + ■ ■ ■ + 2 ■ S'^-'cn + 2 ■ 3''-'a) 
= vro fc_iSi(J^o) - ^(«fc-i + «fc-2 H hai) 

+ {n + l)(2afc_i + Qak-2 + • ■ ■ + 2 • S^'^afe-,- + ■ ■ ■ + 2 ■ S'^-'cn + 2 ■ S^^-^a) 
= K,k-iSii^o) + in + 2)afc-i + {5n + 6)afc-2 H 

+ {{n + 1)2 ■ - n) ak-j + {{n + 1)2 ■ 3^' - n) Uk-j-i + • ■ • 

+ {{n + 1)2 ■ S'^"^ -n)ai + 2- t'^a. 

The claim follows from the inequalities (n + 1)2 • S-' — n > 3 [(n + 1)2 ■ S-'^^ — n] 
that ensure the nefness of (vr^.i^fc)^/^"'"^ — T^Qk-i^ii-^o)- 

(3) It follows from the recursion formula that, computed in X of dimension n + 1, 

= 5ZC,s,,(^o)s.,(-Fo)---s,,(^o)-a. 

fc<n 

Recall that the Segre classes of Tq are polynomials in {a, 13) whose coefficients are 
linear in (r, d) . 

where P and Q are polynomials in (r, c?) of degree less or equal to n. 

□ 



5.5. Final argument. We choose k = n + 1. We work on A'^ with the fractional line 
bundle 

A = Ln+i ® Ln ® ■ ■ ■ ^ Lj ^ ■ ■ ■ ® Li ® 

and we choose B so that L := A ^ has negative component along Pic{X/B), that 
is, for some fixed positive rational number x, 

B = Opn+i (2 ■ 3"+^-^ + ■ ■ ■ + 2 ■ 3^'-^ + ■ ■ ■ + 2 + 1 + x) = Cpn+i(3"+^ + a;). 



{n + l)d' 
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For K = + 1, we have dim A'^ = K{n + 1). Hence, for we only omit intersections of nef 
classes, 



> -rr* « I'T^' r(n+l) j{n+l) 

> Si(J^o)" ~ (^ + 2H"+^ 

thanks to lemma 15. 1[ On the other hand, thanks to the same lemma. 

Fix p : Bp ^ B. lir and d are large enough so that y^dimA-K _^dimA'fc-i ^ g ^^^^^ i-j^g^^. 

the inequality in Schwarz lemma ^ EJi^lS-' - 2-3-'-i) = < is fulfilled, 

then the line bundle A ® 5"^ is big and the sections of its powers provide equations for 
the jets of sections of the family Xp — > Bp. This ends the proof of theorem [TJ We will in 
fact need a more precise version. 

Definition 5.1. A family tt : X ^ B of hypersurfaces in P"+^ is said to be "moving 
enough" if it is given inside B x P"-+i by a section of a line bundle A Kl (9pn+i((i) where 
X is a line bundle on B whose degree, called the variation of n, is large and equal to 
{n + l)-times the degree of a rational function on B. 

Theorem 2. For all fixed positive 6, for r and d large enough, there exists an mo such 
that all sections of general "moving enough" families of hypersurfaces in P"-+i of degree 
d and variation r fulfil a differential equation of order n + 1, given by a section of a line 
bundle 



{n + l)d' 



where \ m\ = mo. 



5.6. Height inequalities. We now look for a statement that incorporates the depen- 
dence in the ramified cover Bp ^ B. We work on Xn+i with 

A = Ln+i ® Ln® ■ ■ ■ ® Lj ® ■ ■ ■ ® Li 

and we choose B so that L := A® B~^ has negative component on Pic{X / B) , that is 

B = Cp„+i(3"+^ -1+x). 

The previous computations show that A — B is big for large enough r and d. As a result, 
we obtain 

Theorem 3. Fix a positive integer x. For large enough r and d, for every family X 
gotten by section of Opn+i[d) Kl Ob{t) , there exists a proper algebraic set y C Xn+i such 
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that for every finite ramified cover p : Bp ^ B and every section s of p*X Bp whose 
{n + l)-th order jet do not lie in y, the following height inequality holds 



deg p 2x deg p 

This is an analog of the first part of Vojta's work |Vojta-78 . The deepest part deahng 
with sections having {n + l)-jet inside y would require an analog of Jouanoulou's result 
on foliations, that seems out of reach now. 



6. NON-ZARISKI DENSITY 

We follow the ideas of Siu |Siu-04j . described in details in |D-M-R-08] . Let i? be a 
compact complex curve, Osir) a holomorphic line bundle on B. Consider the linear 
system | Os(r) Kl Opn+i[d) \= on 5 x P"-+^ whose each element represents a family 
X —>■ B of degree d hypersurfaces in P"+^ parametrised by B with variation OBir). 
Consider the associated universal family 

X C P^ X 5 X P"+i 

We will denote by the K-jets space of sections of the families X ^ B. 

6.1. Proof using vector fields on universal families. Consider a family n^^(A) = 
(tt : = X ^ B) oi degree d hypersurfaces in P"+i parametrised by B with variation 
Osir). Consider a section s : B ^ X of tt and a non-zero section a of the line bundle 

^-x,-s,rn '■= OxSnk) ® 0p"+i(— I m I 5) (g) A^'— ' on Xf^ where, for r and d are assumed 

Y 

to be large, we can impose 5 > and the inequality of Schwarz lemma deg A > - — —. 

degp 

The pushforward {'KKfl)*'^ is a non-zero section of the vector bundle (7rK,o)*'C-_A,-5,m = 
E_x-s,rn ■ Constant sections are those whose first order jet lies inside {z[ = z'2 = 
■ ■ ■ = 2;^ = 0}. We can now prove the precise version of the main theorem. 

Theorem 4. If r and d are large enough, tt (i.e. A) is generic, \ m \ meets the require- 
ments of holomorphic Morse inequalities and s is not constant, then 

s{B) C Zero{{TT^^o)^a) C X. 

Proof. We only sketch the proof, the details being close to that given in |D-M-R-08] . We 
argue by contradiction and assume that there exists a bo in B where (vrK,o)jrCr('S(6o)) 7^ 0. 
Take another view point on the section a and view it as a meromorphic function 

X, ^ C 

where the qi{b, z) are meromorphic functions on X, holomorphic when viewed as sections 
of Ob(A) KI Opn+i(— (5). The assumption (vrK;,o)*cr(s(6o)) 7^ translates into the existence 
of a multiindex Jq of weighted length m such that g7o(sfc(6o)) 7^ 0. 

By the genericity assumption on n~^(A) = vr we may extend the section (7rK^o)*cr to a 
section of S_A,--5,m ^ X on a neighbourhood of X in X. 
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Proposition 6.1. Every vector of 

outside the set ]l'^\{z[ = Z2 = ■ ■ ■ = z'^ = 0} is the value of a meromorphic vector field 
on U'^^^Ua) C holomorphic when viewed with values in n*_QOpn+i(K^ + 2k). 

Take it for granted until tlie next subsection. When we differentiate the meromorphic 
function a with the gotten meromorphic vector fields at most | m |-times, we get mero- 
morphic functions on a neighbourhood of A" in X that in turn can be viewed as a section 
of >C_A,-5+(K2+2K),m- If + {1^^ + 2k) is still negative then has to fulfil this new equa- 
tion. Having chosen the vector fields in a suitable way, thanks to the proposition 16. this 
contradicts qiQ^Skipo)) 7^ 0. □ 

The proof of the main theorem is now ended by the following. Constant sections have 
null height because they are also constant in the product B x P"'^^. If their images would 
dominate the total space, the arguments of Maehara and Moriwaki |Moriwaki-94] using 
positivity of direct images of pluricanonical line bundles would show that the family has 
to be birationally trivial. 

6.2. Constructing vector fields on universal families. In homogeneous coordinates, 
having chosen a basis for C""*"^, the corresponding basis of monomials for | (9pn+i((i) |, 
and a basis {^p)^ for | (^^(r) |, the hypersurface X of x B x P"+i is defined by the 
equation 

a,l3 

On the open set {SIq^qq... 0} ^ {^o{b) 7^ 0} x {3o 7^ 0} the equation rewrites in 
inhomogeneous coordinates 

aGN"+l,|a|<d 
a^(,d,0,0,--- ,0) 
/3>1 

Over this open set, the natural open set of the /t-jets space X^ of sections of the families 
X ^ Bis given inside xU x C"+i x C"+^ ^ ' ; ' ^ ^"^l in terms of the operator 

K times 

O K n + 1 

A=0 j=l ^^j 

by the following set of equations 



\a\<d 
/3>1 



■■■ = ^-{j2<Vpit)z^) =0. 

Those are the equations one infers from the derivatives of the relation X] '^aV'/3(^)-^"('^) 
fulfilled by sections t 1— (t, ■ ■ ■ , z„+i(t)) of a family Y\r^{A), after substituting z^^^ : = 

Denote the partial sum X]aGN"+i \a\<d'^a^"' -^P- "^^^ equations for a vector 
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field T of tlie special shape T := ^X]/?^/?) + where T/3 := Xla^a^ : = 

YT\=Q X]j=i -^/^4aT' tangent to rewrite, thanks to Leibniz formula and the fact 

that when /5 7^ 7, T/3 ■ D'^J^^ = 0, in terms of the operator D := X]a=o Y^1=i 



/3>1 

/3>1 



/3>1 a=0 

A set of sufficient conditions is therefore 

V/5, {Tp + T,) ■ J^p = {Tp + T,).D{Tp) = --- = {Tp + T,) ■ (^^) = 

reducing to the absolute case. Note however that, for theorem [2] provides us with a 
differential equation of order n+1, we need to consider (?7,+l)-th order jets of hypersurfaces 
in P"'"'"^, whereas the by now well settled results are for n-th order jets. 

6.3. Constructing vector fields in the absolute case. We follow the ideas of Siu, 
Paun, Rousseau and Merker. For notational simplicity, we will replace /3 by a dot in the 
following. The exponents in brackets will be relative to the absolute operator D. 

Write (T. + T,) ■ D^+\J^.) = [T. + T„ D]D\T.) + D ((T. + T,) ■ D\T.)) to infer that a 
set of sufficient conditions for the special vector field T. + Tz to contribute to a tangent 
to is 

(T. +T,) ■ r. = [T. +T„D] • r. = [T.+Tz,D] ■ D{r.) = ■■■ 

■■■ = [T. +T„D]-D"-i(J^.) = 0. 

We will now further restrict the shape of the chosen vector field to simplify its commutator 
with D. 

Lemma 6.2. Let A'^ and P he functions in the {z\^'^) variables. The commutator of the 
very special vector field T. +Tz = ^a^f" X]a=o -^'■'^''"W '"^^^^ ^ ^■^ 



Proof. Simply check that 



T.{D)=0 DiT.) = Y,{Ar' ^ 



a " 

K-1 



A=l ^'^j A=0 A=0 ^'^j 

□ 
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We infer that a set of sufficient conditions for the very special vector field T. + to 
contribute to a tangent vector field to is 

a a ^ 

OL OL OL 

a 

or equivalently, using the formula = + Ea^U-^")^'^ + 



OL 



(6.1) 



a \ « 



(2) 



(3) 



or also 



a a 

(6.2) E(^-)'^" = = = • • • 

CK Q a 

When P is of degree less than 2, the first equation in the set fl6.2p can be fulfilled with 
constant A^, making the other equations tautological. 

When P is of the form P = zf, because the only non-zero term in the right hand side 
of (16.21) can be written as 



fc-i 



\0\<d i=l 



qZ 
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we look for A', in the form 



A- 



min{ai,fc— 1) 

|q,_[_^|<c; jQ: + 7 — £e^[ — d 



Note that for > i, the multiindex a + 7 — £ej is non-negative. Then the set (16.21) 
rewrites, after recursive simphfications of all terms involving a 2;^^ '^■'-variable with k > 1, 
as a set of systems, one for each multiindex /i + iei where /i is a multiindex of length 
\ fi \< d when i = 0, or \ fi \= d when 1 < i < k — 1. They have disjoint sets 

Note that for ai > i the equality a + 7 = fi + iei 



of indeterminates [A'^''^) 

I a I <d, 1 7 1 < K. 

implies 7 < /i. The coefficient on the row indexed by the multiindex 6 < fi of length 



\ S \< K and the column indexed by 7 < /i of length | 7 |< k is z^^^'^^ ^ %z)/> • 
determinant is checked, as in |Paun-08] . to be non-zero, for otherwise there would exist 
a non-zero polynomial of multidegree less or equal to /i and total degree less or equal 
to K with all derivatives of order less or equal to n and total order less or equal to n 
vanishing. Let the polynomial P run over the set of polynomials in Zi of degree less 
or equal to k. Over the set {z[ 7^ 0}, the determinant, computed by induction using 



( 



det 



1 
1' 



2\l 



'^Y'^'^zf and combinaison of rows. 



im- --kHz'] 



V (^i)^"^ k')^"^ ■■■ (^^")^"^ y 

does not vanish. This shows that every vector of 



T (X«/P^) 



{A,s4feo)) 



{A,SK(feo)) 



is, up to "horizontal vectors", the value of a meromorphic vector field on II~q{Ua) C 
holomorphic when viewed with values in 11* pOpn+i (k). 

For "horizontal vectors" (i.e. when P = 0), we use the set (16. ip . By Cramer formulae, 
over the set {z- 7^ 0}, for any given set of {A'^)\c\<k there exists {A]^,)i that fulfil the 

previous equations. Their pole order is less or equal to + 2k. The missing directions 
{A'^)\ce\>K are obtained with even smaller pole order, by considering some universal rela- 
tions in the differential algebra of polynomials. Details for this last paragraph can be red 
in |Merker-09j . 



7. Appendix : Using Morse inequalities for families of surfaces 

We check that in the case of surfaces, the bound k = n + 1 is optimal to find differential 
equations using holomorphic Morse inequalities. 

Remark first that the numbers C, that appeared in the recursion formula for Segre 
classes of the bundles JF^, can easily be computed writing Pascal triangle. They also fulfil 
the relation 

rf _ rf - rf+^ 
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c = C) 


: = 1 


c = 2 


c = 3 


c = 1 


c = 5 


c = 6 


= 7 


: = 8 


/ = o 


1 


















/ = 1 





1 
















/ = 2 


1 


-1 


1 














/ = 3 





2 


-2 


1 












/ = 4 


1 


-2 


4 


-3 


1 










/ = 5 





3 


-6 


7 


-4 


1 








/ = 6 


1 


-3 


9 


-13 


11 


-5 


1 






/ = 7 





4 


-12 


22 


-24 


16 


-6 


1 




/ = 8 


1 


-4 


16 


-34 


46 


-40 


22 


-7 


1 


/ = 9 





5 


-20 


50 


-80 


86 


-62 


29 


-8 



7.1. On Xi. We choose e to be equal to the bound we found when computing the generic 
nef cone of X, that is e := ^. Then, we take A — O^^(0,2;l) and 
B ^Ox{0,2 + x) with first Chern class 

a — ai + 2a + x{a — e(5) = ai + (2 + x)a — xe(5 

and 

h = (2 + x)q;. 

We find 

A^-hA^B = {ai-expf -10{ai-exf3f{2 + xfa'^ -20{ai-exPf{2 + xfa^ 
= S3- 5exs2(3 - 10(2 + xfsia'^ - 20(2 + xfa^ + 30e{2 + xfxa^p 

whose dominant term 

[-4x + 20£a;] (i^ + 20 [1 - (2 + rd = -4xci^ - 20 [3 + ll/3a; + x^] rd 

is negative. 

7.2. On X2. Here we take A = O;t2(0, 6; 2, 1) O Ox,{0,2y]y) ® Ox{-ex,x) and B = 
Ox{0, 6 + 2y + x) with first Chern class 

a = (0:2 + 2ai + 6a) + y{ai + 2a) + x(q; — s(3) 
= 0:2 + (2 + |/)q;i + (6 + 2|/ + — 

and b= {Q + 2y + x)a. The bundle A (g) B~^ is Ox^isx.Q] 2 + y, 1). 

We compute only the term [A"^ — 7A^B)d,om in ~ 7A^B of degree 3 in (r, (i). From 
the computation of the direct images on X of the Segre classes of Ti, and from the Segre 
numbers of J-'q on X we infer that the contributions have to contain a part in Sis^ or 
and should therefore contain only one power of a or f3. We find that the dominant term 
is, viewed in X2 

{A' -7A^B)dom = [a2 + {2 + y)aiY + 7[a2 + {2 + y)ai]''[{6 + 2y + x)a-ex(3] 

-7[a2 + (2 + y)ai]%6 + 2y + x)a 
= [a2 + (2 + y)aiY - 7ex[a2 + (2 + y)ai]^p 
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viewed in Xi 

{A" -7A''B)dom = 55(^1) + 7(2 + 1/) ai 54(^1) - 7exs4{J^i)(5 

+ 21{2 + yfajss{J^i) - 7 x 6ex{2 + y)ss{J^i)aif3 

+ 35{2 + yfals2iTi) - 7 x 15ex{2 + y)ls2iTi)alP 

+ 35(2 + |/)Xsi(^i) - 7 x20exl2 + y fsilTi)alf3 

+ 21{2 + yfal - 7 x 15ex{2 + y)'^ a\P 

This leads to the following expression for the dominant term, viewed in X 

{A'-7A^B)^ = [_2 - 14(2 + y) + 63(2 + 70(2 + + 35(2 + 

-7£a;[-13 + 42(2 + y)- 45(2 + yf + 20(2 + yf]sl(5 

= [-2 - 14(2 + + 63(2 + yf - 70(2 + yf + 35(2 + y^] (xd^ - 12rd^) 
-7£x[-13 + 42(2 + y)- 45(2 + yf + 20(2 + yf]d'^ 

= (222 + 518 y + 483 + 210 y^ + 35 y^) {xd^ - 12rd'^) 
-7ex (51 + 102 y + 75 y^ + 20 y^) d^ 

We can apply Schwarz lemma provided ex > x(3 + 2y). This would lead to 

{A'^ - 7A^B)dom < (222 + 518 y + 483 y^ + 210 y^ + 35 y^) (xd^ - 12rd^) 

-7x(3 + 2y) (51 + 102y + 75?/ + 20?/) d^ 
< - (849 + 2338 y + 2520 y^ + 1260 y^ + 245 y^) xd^ 
- (2664 + 6216?/ + 5796/ + 2520/ + 420 /) rd'^ 

7.3. On X^. Here we take A and B with first Chern class 

a = (0:3 + 2a2 + 6ai + 18q;) + z{a2 + 2ai + 6a) 
+y{ai + 2a) + a;(Q; — eP) 
= as + (2 + 2;)a2 + (6 + 2^; + y)ai + (18 + 62; + 2|/ + x)a - exjS 

and 

6= {18 + 6z + 2y + x)a. 

The bundle A (g) B~^ is Oa'2(— £2;, 0; 6 + 22; + y, 2 + 1). In order to apply Schwarz 
lemma, we choose 

ex = 9 + 3z + y. 
The dominant term of A^ — 9A^B is (computed with Maple) 

(34272 /z + 3304896^3 + 17136 + 25200/^^ + 1332648 + 906336 y + 3997944 z + 
495936 y'^z + 34272 yz^ + 181440 y V + 222768 z^ + 212544 y^ + 2416896 yz + 1391040 yz^ + 

1189440 z^ + 5016096 z^ + 352800 + 17136 y^ + 25200 /^^ + 6720 /^^ + 2613744 yz^ + 

450576/^2)^^3 

-(869904 /^+44108988 ^^+559608 ^^+32130 /z+772380 y V+16542612+12428586 y+ 
49627836 ^+8196300 y^z+18900 /;22+io85616 1/;25+3507840 y'^z^+3780 /;23+4306554 z^+ 
3512700 y2+30564 z^+33142896 y^+21170016 ^^^+19278 /+ 18008802 ^^+63329508 z^+ 
6674220 2/3^+434952 1/3+664020 /^2+221760 ^^^^+26460 ^3^^+36642312 ^^^+65016 y^z^+ 
7663572/^2 ^ 7131Q z'^y)xd^ . 
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